It has been proposed that a long-period stacking ordered (LPSO) structure is responsible for the excellent mechanical properties of lightweight alloys of Mg-Y-RE (RE: rare earth elements) system. In this study, the phenomenological simulation model for describing the formation process of the LPSO structure in MgYZn system is constructed by means of the phase-field method. The results obtained are as follows: The proposed phenomenological model is useful for describing the formation process of LPSO structure, where the enrichment of solute elements Zn and Y on stacking fault region induces the growth of the stacking fault itself. This model is able to calculate not only the formation of lamella structure of LPSO phase but also the growth of single stacking fault region in LPSO phase, simultaneously. It is suggested that the lamella spacing of LPSO structure may depend on the initial condition when a LPSO phase nucleates.
Introduction
Recently, new alloys of Mg-Zn-RE (RE: rare-earth element) have been developed by Kawamura et al., 14) who identified the presence of a characteristic microstructure, the long-period stacking ordered (LPSO) structure, in these alloys. MgZnRE alloys containing LPSO structures show mechanical properties that are superior to those of other Mg-based lightweight alloys. Therefore, quantitative modelling of the formation process on LPSO microstructure is important in ensuring a wide variety of structural applications for magnesium alloys.
In the previous study, 5) we elucidated that it was difficult to explain the formation of the LPSO structure directly in terms of a spinodal decomposition of the hcp phase in the MgY Zn ternary system. Therefore, as a next approach in the current study, we try to model the formation process of LPSO structure in terms of a preferential solute enrichment on the stacking fault region of hcp crystal structure.
The objective of this study is to construct the phenomenological simulation model for describing the formation process of the LPSO structure reasonably. Since this is a phenomenological model, it is impossible to understand the physical bases of the formation mechanism of LPSO structure by this model. However, the phenomenological simulation model has a wide range of ability to provide the complex morphology of LPSO microstructure, quantitatively, and it is useful because the simulated microstructure has recently been applied for calculating materials properties in the imagebased property calculation on the industrial point of view. 6, 7) In the current study, we modelled LPSO structure formation in the MgYZn system by means of the phasefield method where the stacking fault in LPSO phase is stabilised by the solute enrichment on it.
Simulation Method
We employed the conventional phase-field method 810) coupled with the phase-field dislocation dynamics 11) to model the formation process of LPSO structure in the Mg YZn system. Detail of the calculation methods that we used are described below.
Definition of order parameters
Because our aim was to simulate the a preferential solute enrichment on the stacking fault region of hcp crystal structure in MgYZn ternary system, we used three order parameters: the local yttrium composition c Y (mole fraction of solute atom Y), the local zinc composition c Zn (mole fraction of solute atom Zn), and the phase-field order parameter s which describes provability of finding the stacking fault region in the microstructure, 11) as independent ones to describe the morphology of LPSO structure. The compositions c X ðr; tÞ, (X = Y, Zn) and sðr; tÞ are functions of the local position r ¼ ðx; y; zÞ in the microstructure and of the time t. According to the local conservation condition of solute elements, the composition field of magnesium is given by c Mg ðr; tÞ 1 À c Y ðr; tÞ À c Zn ðr; tÞ; in this case, we do not take the vacancy composition into account. The conditions: sðr; tÞ ¼ 1 and sðr; tÞ ¼ 0, mean the stacking fault region and the hcp crystal region without defect, respectively. Although a stacking fault is a plane defect with no thickness, it is defined as a thin region with finite thickness of interatomic distance in the theory of phase-field dislocation dynamics. 
Here, M c and L are the mobility of atom diffusion and the relaxation coefficient of the phase-field, which are assumed to be a constant in this study for the sake of simplicity. The total +1 free energy of the heterogeneous microstructure G sys is given by the expression G sys = G c + E grad + E str + E sf , where G c is the weighted average of Gibbs energy of each phase in microstructure, 9) E grad is the gradient energy, 810) E str is the elastic strain energy 9, 12, 13) induced from the coherency strain between the constituent phases, and E sf is an excess energy of stacking fault region caused by the crystal defect. According to the conventional phase-field method, 9,10) G c is evaluated by the following form:
pðsÞ s 2 ð3 À 2sÞ; gðsÞ sð1 À sÞ;
where the integration range is set to be a unit volume of the microstructure. The G ¡ c is the Gibbs energy density of disorder hcp phase in MgYZn ternary system, which is expressed as a sub-regular solution approximation as follows: 
in which the description of ðr; tÞ is omitted. The coefficients ðiÞ L A,B , ði ¼ 0; 1; 2; Á Á ÁÞ in the right-hand side of the above equation are functions of T. L Mg,Y,Zn is the coefficient of the excess mixing enthalpy term unique to ternary system, which is given by the expression:
Although, in general, the coefficients ðiÞ L Mg,Y,Zn , ði ¼ 0; 1; 2Þ are functions of the temperature, they are regarded as constants in the current work.
14)
G LPSO c in eq. (2) is the Gibbs energy density of the solute rich region formed on the stacking fault in LPSO phase. Henceforth this solute rich region on the stacking fault is denoted by "LPSO compound phase" in this paper. Note that this LPSO compound phase is a hypothetical phase introduced in the current study for the convenience of the phase-field simulation, and the phase-field of LPSO compound phase is also described by sðr; tÞ which is a phase-field of the stacking fault region. W in eq. (2) is an energy barrier between ¡ hcp phase and LPSO compound phase to avoid the mixing of these two phases. 9, 10) We assumed the expression of
where c 0 Y and c 0 Zn are the equilibrium compositions of LPSO compound phase. The coefficients A 0 , A 1 and A 2 are functions of temperature, but we assumed them to be constants in this study because the temperature considered is 573 K only in the work. The defect energy of stacking fault region E sf is calculated by
where the coefficient A sf is also assumed to be constant. The gradient energy 811) with respect to composition field and phase-field can be expressed as follows:
where, for the sake of simplicity, we assumed that the gradient energy coefficients are constants, and the relationship c Mg ðr; tÞ 1 À c Y ðr; tÞ À c Zn ðr; tÞ is used in the derivation of the above equation. The last term in the integrant of eq. (8) is the gradient energy determined in the phase-field dislocation dynamics.
11)
The elastic strain energy is evaluated by means of the following equation, based on the phase-field microelasticity theory:
We assumed the elastic stiffness C ijkl to be constants and we used the value for pure magnesium, i.e. we considered the anisotropic elastic medium of the hcp crystal structure. The eigen strain ¾ 0 ij ðr; tÞ is evaluated by using the following equations as functions of composition field and phasefield: 
where Vegard's low is assumed, and a (X) and c (X) are the lattice constants of the respective component X(= Mg, Y or Zn) along the a-axis and c-axis of the hcp structure, respectively.
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10) The value of ¤¾ c ij ðr; tÞ is evaluated by means of the mechanical equilibrium equation 8, 9) with the numerical data for ¾ 0 ij ðr; tÞ and C ijkl . The value of ¾ c ij is determined from the eigen strain ¾ 0 ij ðr; tÞ and the boundary condition that the surface traction on the body of the entire alloy is equal to zero. 8) Finally, how to estimate the numerical value of (A 0 + A sf ) is explained. The value of (A 0 + A sf ) is determined by using the Gibbs energy of LPSO single phase.
17) The Gibbs energy of LPSO phase, G 0;LPSO Mg:Y:Zn , in MgYZn system is available from thermodynamic Gibbs energy parameter determined by Calphad approach, 17) and G 0;LPSO Mg:Y:Zn is divided into four energies: G c , E grad , E str and E sf , because we consider the LPSO compound phase in this study. Therefore, the energy balance for LPSO single phase provides Z
Substituting eqs. (2) and (6) into eq. (13) gives
Calculating this equation numerically on the unit structure of LPSO phase, we obtain the value of (A 0 + A sf ), where R r pðsÞdr ¼ 0:27, that is a phase fraction of LPSO compound phase in a unit structure of LPSO phase, is used.
1719)

Calculation conditions
The numerical values of the parameters that we used in this study are listed in Table 1 . In the study, we performed a twodimensional simulation and we therefore assumed a plane strain condition for calculating the elastic quantities, i.e., the same morphology for the two-dimensional microstructure is continued congruently along the depth direction. A periodic boundary condition was also assumed for the purpose of simulating the two-dimensional microstructural changes. We used the conventional finite-difference method with a structured grid for the numerical calculation of the evolution equations. Each distance was normalized by the length of the unit cell b 1 for the finite-difference method. The conditions of two-dimensional difference grid size are 128 © 128 for Fig. 1 and 256 © 256 for Fig. 2 , respectively. These conditions are determined because more than two difference unit cells are required to resolve the finite thickness of the stacking fault region for accurately calculating the stress fields around it.
For the sake of simplicity, we also assumed that the each solute component has the same diffusion constant D. The aging time t was normalized by the quantity D/b 1 , so that the dimensionless time was given by the expression tA = tD/b 1 . We could therefore estimate 8) the value of the aging time t from the dimensionless time tA provided that we knew the value of D. Furthermore, as long as we discuss the simulation results exclusively in terms of the dimensionless time tA, we do not need to know the value of D.
8)
Simulation Results and Discussions
In this section, we explain the results of phase-field 14) /J·mol simulation on the formation of LPSO structure and the energetic analysis on the stability of lamella spacing of LPSO structure. Figure 1 is a two-dimensional simulation on the ð11 20Þ plane of the hcp structure in Mg4 at% Y2 at% Zn alloy at 573 K, which shows the enrichment behaviour of solute elements Zn and Y into the stacking fault region. Upper and lower rows in Fig. 1 indicate the composition field and elastic strain energy field, respectively. The temporal evolution of the microstructure is shown in Figs. 1(a) through 1(d) . The local composition and the elastic strain energy density are indicated by means of the color and gray scales indicated in Fig. 1 , respectively.
Solute enrichment behaviour on stacking fault region
The initial state [ Fig. 1(a) ] is a supersaturated solid solution of hcp phase on which seven stacking fault nuclei with composition Mg10 at% Y5 at% Zn, 1719) i.e. a LPSO compound phase, are located. Since the region of LPSO compound phase overlaps with the stacking fault region, we set the phase-field s(r) = 1 on the LPSO compound phase and s(r) = 0 outside it in Fig. 1(a) . Small composition fluctuations of «1 at% Y and «1 at% Zn are imposed by applying computer-generated random numbers at the initial state.
With the enrichment of solute elements Zn and Y on the stacking fault region, it spreads in a lateral direction and then the solute enrichment behaviour on the stacking fault region progresses continuously. When we focus on the elastic strain energy field, the large lattice distortion is induced by the dislocations located on the each side edge of stacking fault region. As the elastic field acts as a long range interaction
[1100] 
[1100] force, the elastic field among dislocations influences each other. Figure 2 shows the typical simulation result of this study, where we do not consider the several stacking fault nuclei but a single stacking fault nucleus as an initial condition. Other initial conditions and the representation of figure are the same as Fig. 1 , but the calculation area is set wider. Although the stacking fault is single, the stacking fault region spreads in a lateral direction with enrichment of solute elements.
The originality of this simulation method is the definition of order parameter sðr; tÞ, which is not only the phase-field of stacking fault region but also the phase-field of LPSO compound phase. Therefore, the driving force for the formation of LPSO compound phase induces the growth of the stacking fault region. Figures 3 and 4 are the simulation results dependent on the initial condition of the position on which the stacking fault nuclei are located. The phase-field of the stacking fault is indicated by gray scale, and the black and white parts are the hcp crystal without defect and the stacking fault region, respectively. The degree of randomness of the initial position of the stacking fault nuclei in Fig. 4 is larger than that of Fig. 3 .
Lamella spacing of LPSO structure dependent on the initial condition
In the case of Fig. 3 , it is observed that lamella spacing of the LPSO structure becomes uniform with aging. Note that the stacking fault having smaller spacing at the initial stage disappears with aging. On the other hand, it is interesting the initial nonuniformity of lamella spacing of the LPSO structure remains at the later stage of aging in Fig. 4 . As a consequence, there exists a stable lamella spacing of LPSO structure but its stability in lamella spacing seems to be not so high. Therefore, the lamella spacing of LPSO structure may depend on the initial condition when the LPSO structure nucleates. This inhomogeneity with respect to lamella spacing is often observed in experiments. 4, 18, 19) 3.3 Energetic analysis of the lamella spacing of LPSO structure The red circles in Fig. 5 show the numerical calculation results of the relation between total free energy of LPSO structure and its lamella spacing. Although there is a numerical computation error slightly, it is recognized that the global shape of the total free energy is a downwardly convex curve, and the minimum value seems to be located within the lamella spacing from 1.5 nm to 2.0 nm. In particular, the curvature around this region is so small that the energetic stability of LPSO structures taking lamella spacing from 1.5 nm to 2.0 nm is not so different. It is interesting that a lot of experimental data 18, 19) of lamella
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(1120) hcp S.F. Phase-Field Modelling on the Formation Process of LPSO Structure in Mg-Y-Zn Systemspacing of LPSO structure such as 14H and 18R are included in this range. It has been pointed out from the theoretical calculation on the stability of LPSO phase that the formation energies of LPSO phases with different lamella spacing are not greatly changed. 21) Since the Calphad data of formation energy of LPSO phase G 0;LPSO Mg:Y:Zn is employed for estimating the free energy of LPSO compound phase in this study, the calculation result of Fig. 5 is a reconfirmation of the point above mentioned, but it is also a good confirmation that the estimation of free energy of the LPSO compound phase introduced in a current work is reasonable.
Conclusions
In this study, we modelled the formation process of LPSO structure in MgYZn system by means of the phase-field method where the stacking fault region stabilised by the solute enrichment on it. The results we obtained are as follows:
(1) The phenomenological model based on the phase-field method proposed in this work is useful for describing the formation process of LPSO structure, where the enrichment of solute elements Zn and Y on stacking fault region induces the growth of stacking fault itself. (2) This simulation model can calculate not only the formation of lamella structure of LPSO phase but also the growth of single stacking fault region in LPSO phase, simultaneously. (3) There exists a stable lamella spacing of LPSO structure but its stability is not so high. Therefore, the lamella spacing of LPSO structure may depend on the initial condition when a LPSO phase nucleates.
